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Abstract 

The integral representation on the orthogonal groups for zonal spherical func- 
tions on the symmetric space SU{N)/ SO{N,E.) is used to obtain a generating 
function for such functions. For the case = 3 the three-dimensional integral 
representation reduces to a one-dimensional one. 



1 Introduction 

The interest of studying classical and quantum integrable systems is always 
increasing. These systems present some very nice characteristics which are 
related to different algebraic and analytic properties. For instance, the con- 
nection of completely integrable classical Hamiltonian systems with semisim- 



ple Lie algebras was established more than twenty years ago in ||0P 1976|| and 
the relationship with quantum systems in |pP 1977[]. 



On the other side, it was also shown in ||QP 1978| and ||0P 1983| the pos- 



sibility of finding the explicit form of the Laplace-Beltrami operator for each 
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symmetric space appearing in the classification given in the classical Helga- 
son's book | He 1978 1 by associating to it a quantum mechanical problem. 

The search for the eigenfunctions of such operators is not an easy task. 
These functions are but the so-called zonal spherical functions and for one 
special case and for the case of symmetric spaces with root systems of the 
type Aj^_i were found explicitly in |Pr 1984 |. 



Our aim in this letter is to present some remarks concerning the in- 
tegral representation for zonal spherical functions on the symmetric space 
SU{N)/ SO{N, M). This representation will be used for obtaining a generat- 
ing function for such zonal spherical functions. 

We recall that if G is a connected real semisimple Lie group and de- 
notes an irreducible unitary representation of G with support in the Hilbert 
space 7i, where p is a parameter characterizing the representation, the rep- 
resentation is said to be of class I if there exists a vector |\E'o) such that 
T^(/c) I \E'o) = 1^0)5 for any element k in the maximal compact subgroup K 
of G. The function defined by the expectation value of is called a zonal 
spherical function belonging to the representation T^. Zonal spherical func- 
tions satisfy a kind of completeness condition like that of coherent states. 

The paper is organized as follows. In order to the paper to be more self- 
contained we give in Section 2 the general definitions and properties on zonal 
spherical functions. The particular case = 2 is considered in Section 3, 
and then the formulae are extended in Section 4 to the case N = 3. Section 5 
is devoted to introduce an integral representation for the generating function 
for zonal spherical functions for the symmetric space SU{N)/SO{N,'R) and 
the integrals arising in the expresion are explicitly computed in the particular 
cases N = 2 and = 3. 



2 Zonal spherical functions 

Let G^ = SL{N, M) be the group of real matrices of order N with deter- 
minant equal to one. This group contains three important subgroups, to be 
denoted K, A and Af. The subgroup K = SO{N, M) is the compact group of 
real orthogonal matrices, the subgroup A is the Abelian group of inversible 
real diagonal matrices and A/" is the subgroup of lower triangular real matrices 
with units on the principal diagonal, which is a nilpotent group. 

Using the polar decomposition of a matrix, the homogeneous space X~ = 
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G~ / K can be identified with the space of real positive-definite symmetric 
matrices with determinant equal to one. It is known that any element g G G~ 
may be decomposed in a unique way as a product g — kan, with k & K, a & A 
and n e J\f, respectively, so-called Iwasawa decomposition. We denote the 
elements in such a factorization as k{g), a{g) and n{g)^ i.e. g = k{g) a{g) n{g). 
Correspondingly, the linear space underlying the Lie algebra q of can be 
decomposed as a direct sum of the Unear spaces of the Lie subalgebras t of 
K, aol A and n of M, i.e., g = I © a © n. Let us also denote as a* the dual 
space of a and so on. 

There are natural left and right actions of group G~ on K and A/", re- 
spectively, induced by left and right multiplication, respectively, which are 
defined by the formulae 

k<^^k{gk), ng^n{ng), (2.1) 

and for any A e a*, we may construct the representation T^{g) of the group 
G~ in the space of L'^{K) or L'^{M) of square integrable functions on K or 
H by the formula 

[T^(5)/](fc) = exp ((a-p, H{gk))f (2.2) 

or 

[T\g) f]{n) ^ e^^ ((iA-p, H{ng))f{n,), (2.3) 

where H{g) is defined by a{g) = exp H{g) and p is given by one half of the 
sum of positive roots of the symmetric space X~ , 

R+ 

This so called representation of principal series is unitary and irreducible. 
It has the property that in the Hilbert space there is a normalized vector 
l^o) £ Ti-^ which is invariant under the action of group K: 

T\k) l^o) = l^o), (2.4) 

Let us consider the function 

^x{9) = {^o\T\g)\^o). (2.5) 
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This function is called a zonal spherical function and has the properties of 



^x{kigk2) = <^x{g), ^x{k) = l,Wke K, <l>A(e) = 1. (2.6) 

For the realization of Tf'^ as L'^{K), we take |\Efo) as the constant function 
'^o{k) = 1, and then we have the integral representation for ^\{g): 



^xig) = / exp {{tX - p, H{gk)) dp{k), / dp{k) = 1, (2.7) 
Jk J k 

where (i/i(/c) denotes an invariant (under G~) measure on K. Note that due 
to the function ^\{g) is completely defined by the values $A(a), a & A. 

Here ^\{g) is the eigenfunction of Laplace-Beltrami Aj operators and cor- 
respondingly $a(o) is the eigenfunction of radial parts A° of these operators, 
in particular, 

N N Id 

^2 = Y1 ^h'^^Yl coth{q,-qk)id,-dk), K = -, dj = — , aj = e*. (2.8) 

j=i j<k 

Note that the analogous consideration of groups = SL{N, C) and 
= SL{N,M) over complex numbers and quaternions gives us the corre- 
sponding integral representations for k = 1 and k = 2. 

Note that the above construction is also valid for the dual spaces = 
G^/K, where G~^ = SU{N) is the group of unitary matrices with determi- 
nant equal to one. In this case the representation T^[g) is defined by a set 
/ = (/i, . . . , In-i) of (A^ — 1) nonnegative integer numbers Ij and the integral 
representation ( |2.71 ) takes the form 



^i{g)= I exp{l,H{gk))dfi{k), I dfi{k) = 1, (2.9) 
Jk Jk 

and $/((?) is the eigenfunction of the radial part of the Laplace-Beltrami 
operator 

N N in 

d'-HJ 



^2 = X] + cotg(gj - qk){dj -dk), k= dj = — , aj = Xj 

j=i j<k 



(2.10) 
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The element k of the group S'0(A^, M) is the matrix {kij) and may be 
considered as the set of N unit orthogonal vectors k^^^ = (kij, . . . , kNj) from 
which we may construct the set of polyvectors 

There is a natural action of the group G on the space of polyvectors and 
the integral representation ( p.9| ) may be written now in the form 



<!>i{x,,...,xn) = I Hi^(x;A;)---H^:i(x;A;)rf/i(^«,...,A;(^-i)), (2.12) 
where 

k)=J2 'x,, k) = J^ik^'^ A k^)l 

E,{x; k)=J2 ik^'^ A k^'^ A k^'% x,x,Xu .... 
i<j<i 

Here diJ,{k'^^\ . . . , k^^~^^) is the invariant measure on K such that 

rf^(A;«,...,A;(^-^)) = 1. (2.13) 



K 



3 The case N = 2 

In this case, the integral representation takes the form 
$/(xi,X2)= / [{k' ak) iif d^{k) = / (k^^xi + kl^X2y dfi{k), I d^{k) = 1, 



(3.1) 

where k' is the transpose matrix of k, or 

^/(a;i,a;2) = / (n^xi + 713X2)' (i/i(n), (n, ra) = + = 1, (3.2) 

where dfj,{n) = -^dip is an invariant measure on an unit circle in M?. 
So, 

$z(xi,X2)= 5^ Cl,,Ax',\ (3.3) 
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and 



The integral is easily calculated by using a standard parametrization rii — 
cos n2 = sin dii{n) = ^ dip. We obtain 

{nf'nf') = (3.5) 

where {a)k is the Pochhammer symbol {a)k — a{a + 1) ■ ■ ■ {a + k — 1). So 
finally we have 

cu - wr$r^ i-h + k,, (3.6) 

H^ux.) = (3.7) 

If we put xi = e*^, X2 = e~'^, then $;(xi, X2) = AiPi (cos ^), where P/(cos x) 
is the Legendre polynomial. 

These formulae may be easily extended to the A'"-dimensional case. Namely, 
we have 

^{i,o,...,o)ixi, ...,xn)= / {nlxi + ... + nlfXNy di^{n), / di^{n) = 1, 

(3.8) 

where dii{n) is invariant measure on 5"^ ^ and 



k\+...+kN=l 



kN 
N 1 



/ 2fci „2fc;v\ _ (2)^1 • • • (2)feiv 
\'''l ■ ■ ■ II'N / — 



2 / 



So 



= iMf!^ / = + + (3.10) 
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4 The case = 3 

In this case, the element of the orthogonal group SO{3, IR) has the form 

(ni h mi \ 
n2 k rn2 \ , 
n3 k rns J 

i.e., it may be represented by the three unit orthogonal each other vectors 

n, I, m; = = rri^ = 1, (n, /) = (/, m) = (m, n) = 0, 
and the integral representation for zonal spherical polynomials takes the form 

^pq{x) = / {nlxi + nlx2+nlx3Y iy^i'^j^k-rikljyxjXk] dn{n,l), (4.1) 

\j<k J 

where the integration is taken on the orthogonal group K — SO{3, R), what 
is equivalent to the space of two unit orthogonal vectors n and /. 
Note that nik = ekijUilj] we also have X1X2 = x^^,. . . . Hence, 

Jk 

(4.2) 

For vectors n and m the standard parametrization through Euler angles (p, 9 
and ■0, may be used: 

n — (cos ip sin 9, sin ip sin 9, cos 6'), m = cosV' • a + sin ■ 6, 

a = (— sin cos v^, 0), 6 = (— cos (/? cos 9, — sin cos 9, sin ^^) (4.3) 

with d/j{k) = dn{n,m) = A sin 9 d9 dp dip, and in the preceding expression 
we have a three-dimensional integral which may be calculated using the 
generating functions. 

5 Generating functions 

Let us define the generating function by the formula 

F{xi,X2, . . . ,XAr;ti, . . . ,tiv-i) = ^ ^i^...ij^_^{xi, . . .,XN)ti ■ ■■t''^Zl- (5.1) 
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Then we have the integral representation 

„ N-l 

F{xi,X2,...,XN;ti,...,tN~i) = [Y\_{^ -'^j{x;k)tj)]~^ dij{k). (5.2) 

i=i 

Let us introduce the coordinate system such that a and b are two unit 
orthogonal vectors in the two-dimensional plane orthogonal to the set of 
vectors {k^^\ . . . , k^^~'^^}. Then, an arbitrary unit vector n in this plane has 
the form cos ip-a + sin ip ■ b, and we may integrate first on dfi{n) . The integral 
representation (|5.2| ) takes the form: 



F{xi,X2, . . . ,XN;ti, . . . ,tN-i) = J [AijUiUj] ^ djj,^^ ^\k) dn{n). (5.3) 
The integral on d^{n) may be easily calculated and we have 
F{x,,X2, . . . , x^; ti, . . . , tN^i) = [ ci/i(fc«, . . . , ^^ ^^ 



where D = det{Aij), = Aij{x; k^^\ . . . , fc^^'^)). 
In the simplest case = 2, we have 

F(xi, X2; t) = [(1 - xit)(l - X2^)]-^/^ (5.5) 

from which the formula ( p.7| ) for $j(xi,X2) follows. 
In the case = 3, the integration on d^^ip) gives 

F(xi,X2,X3;ti,t2) = j B-\n)C-'/\n)dfi{n), j d^i{n) = 1, (5.6) 
where 

B = 1 — (nlxi + n\x2 + n3X3)ti, C = (1 — X2^t2){l — x^^t2)n\ + ■ ■ ■ (5.7) 
The crucial step for further integration is the use of the formula 

=•21-3/2 



^-1^-1/2^ /"'rf^[5(l_^2^ + C^2 

Jo 



(5.8) 
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Using this formula we obtain 

F{xi,X2,X3;ti,t2) = / [E{xi,X2,X3;ti,t2,n,^)]~'^^'^ djj,{n), (5.9) 



where 

E{xi,X2, X3; ti,t2, ^, = XI ^^(^1' ^2, 2:3; ti,t2, O'^i- (5-10) 

j 

We can now integrate on dn{n) and finally we obtain the one-dimensional 
integral representation for the generating function 

F{xi,X2,X3]ti,t2) = d^[H{xi,X2,X3]ti,t2,0]~^^'^, (S-H) 
^0 

where H = 616263 and the functions 6j(^;ti,t2) are given by 
h,{^;h,t2) = l-dj{t,,t2){l-e), dj{ti,t2) = {xjh + xjH2-ht2). (5.12) 

From this it follows that if Zi = X1 + X2 + X3, and Z2 = a;ia;2 + a;2a;3 + a;3a;i, 
then 

H = al - al[ziTi + Z2r2] + ao[z2T'^ + Z1T2 + {ziZ2 - 3)tiT2] 

- [T^ + rl + T,T2[izl-2z,)n + {zl-2z2)T2]] (5.13) 

where ao = 1 + (1 - ^^)tit2, n = (1 - ^'^)ti, t2 = {1 - ^'^)t2. Note that from 
(|5.13|) it follows that the integral ( ^.11| ) is elliptic and it may be expressed in 
terms of standard elliptic integrals. 

Expanding F{xi, X2,X3;ti,t2) in power series of the variable t2 one obtains 

oo 

F{xi, X2, xs; ti, t2) = X Fg{xi,X2, X3; h) 1% (5.14) 

5=0 



and we have 



and 



Fo(xi,X2,a;3;t)= / di[H^]-^l\ (5.15) 
Jo 

F, = \j\iH,m-''' (5.16) 
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where 

Hq = I- ZiTi + Z2T^ - T^, 

From the integral representation ( p.ll ) many useful formulae may be 



obtained, here we give just one of them: when Zi and Z2 go to infinity, 

"i^pqyZl, Z2) ^ /ipqZ-^^Z2, /ipq — ———— jj- l^-J^'J 

{^)p{^)q \2)P+<1 

A more detailed version of this note will be published elsewhere. 

Acknowledgements. One of the authors (A. P.) would like to thank the 
Department of Theoretical Physics of Zaragoza University for its hospital- 
ity. Financial support from Direccion General de Ensefianza Superior, Spain 
(SAB95-0447) is also acknowledged. 



References 

[He 1978] Helgason S., Differential geometry Lie groups and symmetric 
spaces, Acad. Press, N.Y., 1978 

[OP 1976] Olshanetsky M.A. and Perelomov A.M., Completely integrable 
classical Hamiltonian systems connected with semisimple Lie al- 
gebras, Inventiones Math. 37, 93-108 (1976) 

[OP 1977] Olshanetsky M.A. and Perelomov A.M., Quantum completely 
integrable systems connected with semi-simple Lie algebras, 
Lett. Math. Phys. 2, 7-13 (1977) 

[OP 1978] Olshanetsky M.A. and Perelomov A.M., Quantum systems re- 
lated to root systems and radial parts of Laplace operators, 
Funkt. Anal. Appl. 12, 121-128 (1978) 

[OP 1983] Olshanetsky M.A. and Perelomov A.M., Quantum integrable 
systems related to Lie algebras, Phys. Reps. 94, 313-404 (1983) 
(1983) 

[Pr 1984] Prati M.-C, Exact eigenfunctions of some completely integrable 
systems, Lett. Nuovo Cim. 41, No.8, 275-279 (1984) 



10 



